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3AJJAYA 3 BIJIbHOIO MEZKEIO /151 HATIIIBJITHINTHOTO
PIBHAHHSA JTUDY3IL

PosrasHyTo 3a1a4dy 3 BLIBHOW MeXKeW 1715 OJHOBHMIPHOrO HamiBiiHifiHOro pisHanHsa Judysii, B axift 3a-
micts ymosn Credana 3aJaHo iHTerpaabHy yMoBy. Beranosieno ymou riofaibHOro (Mo gacy) icHyBaHHA
Ta €IMHOCT] KJIACHYHOTO PO3B A3KY J1aHOI 3aad4i.

[Tpu knacuunoMmy opmymoBanHi 1Boga3HOT 3a1a9i 3 HEBIIOMOIO PYXOMOIO MeKelo (3a-
naui Credana) mia piBagHEg audy3il YU TEILIONPOBLIHOCTI J0J1aTKOBA YMOBA, HI0 3a,1a€ThCA
Ha HeBizoMill Mexxi, € HacaiIKOM 3akoHa 30epekenns enepril. B ognodasmiit 3amaqi Creda-
Ha 1110 YMOBY, B3araji KaKy4d, MOXKHa 3aMIHHTH 1HIIOI0, HAIPUKJIAa/1, YMOBOIO KOHTPOJIIO 34
eHepriero abo 3a CyMapHOW KIIbKICTIO PEYOBHHH B PO3YMHI, IO Ma€ BHIVIAI IHTerpajbHOI
ymoeu [1]. Kpim Toro, 3azauy 3 BiIbHOIO MeKeI0 MOXKHA PO3IVIANATH 9K OOepHeHy 3a/a4y,
HEBIJIOMHM NapamMeTpoM B dKiii € HYHKIA, Mo 3a,1a€ piBHaHHA HeBigomol mexi. Takuit mia-
xig 6yB peanizosanuit y npangx [2-4], me posriasaaBcs Bunmagok JiniiiHOro mapabo.ivHOro
PiBHAHH.

VY naniit poboTi BCTAHOBIEHO YMOBH ICHYBAHHS Ta €IMHOCTI KJIACHYHOT'O PO3B A3KY 15
O/IHOBMMIPHOTO HAIIBIIHIHHOTO MapaboaiYHOTO PIBHAHHA B 00.1aCTi 3 HEBLIOMOIO PYXOMOIO
MEXKeI0.

1. @opmysTIOBaHHA 3a/ati Ta OCHOBHI ITPUITYIIEeHHS.

B o6aacti Qr = {(z,t) : 0 < x < h(t),0 < t < T} 3 HeBinomowo Mexkero x = h(f) >
0,t € [0,7], po3risHemo piBHAHHA THDY3IT

up = a(z, t)uze + b(z,t,u) (1)
3 MOYATKOBOIO YMOBOIO
u(z,0) = o(z), 0<z < h(0), (2)
Ta KpaloBHMH YMOBaMH
w(0,8) = i (t), u(h(@),t) = us(t), tel0,T]. (3)

dxk i y mpangx [2-4], 101aTKOBY YMOBY 33JaMO Y BHIVIAII

h(t)

/ u(z, t)dr = ps(t), t€[0,7). (4)
0
Baminow y = %,t =t 3a7a4y (1)—(4) 3Bememo 10 BHIIIALY
(yh(t), h'
= Wﬂw 't yhTS)vy +b(yh(t), t,v), (y,t) € Qr, (5)
v(y,0) = ¢(h(0)y), v €01, (6)
v(0,t) = m(t), v(1,t) = pe(t), te€[0,T], (7)
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1

) [ v(u 0y = ), 1€ 0.7] s)
ﬂev(%, )E i(z,t), Qr={(y,t):0<y<1,0<t<T}.

3agaay (5)-(8) posrmsaaTuvemo gk KoedinienTHy obepreny 3agady y dikcosaniii 06-
nacti Qr, a i il po3s’s3kom Gyaemo posymitu napy dbyukuiii (A(t), v(y, t)) 3 kaacy C*0, T]x
C2Y(Qp), h(t) > 0,t € [0, T], mo 3a10B0mbHAIOTH yMOBH (5)—(8). Ouesmmno, mo 3aaqi (1)-
(4) Ta (5)—(8) € exBiBaJTEHTHUMH.

CToCcOBHO BUXIIHHUX JaHHUX 0yJ1€MO MPHIYCKATH, 110 BUKOHYIOTLCH TaKi YMOBH:

(Al) ¢ € C[0,00),s € CY0,T),i = 1,2,3,a € C([0,00) X [0,T]), dynxuii b,(z,t,u),
b(x,t,0) € nenepepBaumu npu z € [0,00),t € [0,T],u € R;

(A2) @(z) > 0,z € [0,00); ui(t) > 0,t € [0,T),% = 1,2,3;a(z,t) > 0,b(x,t,0) > 0,(z,%) €
[0, 00) % [0,T7]; by(z, t,u) < —by < 0, (z,t,u) € [0,00) x [0,T] x R, by — const;

h{0}

(A3) ©(0) = 11(0), ¢(h(0)) = p2(0), af p(z)dz = p3(0), 11 (0) = a(0,0)¢"(0)+b(0, 0, 111(0)),
15(0) = a(h(0),0)¢" (R(0)) + b(h(0), 0, u2(0)).
3ayBaKHUMO, 10 3 YMOBH Y3TOKEHHSA

h(0)
p(z)dz = p3(0) (9)

0

Ta npunymens ¢(x) > 0,z € [0,00), us(t) > 0, € [0,T], BunnuBae icHYBaHHS €JIHHOIO
snadensst h(0) = hy > 0, npu sikomy piBHicTb (9) cnpaBrKyeThes. Kpim TOro, 3 BpaxyBaHHAM
yMoBH (A1) piBHAHHIO (D) MOXKHA HAJATH HACTYIIHOTO BHIVIAIY:

_ a(yh(t),1) yh (t)

v = Tm’uw—r 0 vy + b1 (yh(t), t,v)v + b(yh(t),t,0), (10)

Je
1

by (yh(t),t,v) =/bu(yh(t),t,u)|u__ﬂda.
0
3a npuHmunom Makcumymy [5| aus poss’asky 3azaui (10), (6), (7) mae micue ouinka

v(y,t) > My >0, (y,t) € Qr, (11)
3i cramoio My = min {[Iglén] o(x), r[{rjlg]l (1), mu]l ot )} . Toxi 3 ymoBH (8) OTPHMYEMO OIIHKY
blt) s Higoo, 'tE [0,T), (12)

ge Hy = }. 1[ndx ps(t). [Ipu HasiBHOCTI OniHKY (12) BCTAHOBIIEMO, IO

v(y,t) < My < oo, (y,t) € Qr, (13)
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3anava 3 BIILHOIO MeXKelo IS HAIIBIIHIHHOIO piBHAHHSA Iy 3ii

1
ne M, = max {max o(x), maxul(t) max jio(t), b(z,t, 0)} . ¥ cBow uepry, 3 (13)

— max
[0,ho] [0,77] [0.T7] bg [0,H:1]x[0,T)
ta (8) orpuMyemo
h(t)> Hy >0, te]l0,T], (14)
Hy, =
ae Hog = 1[1(;1,11]1%(5)

Kle yMmoB (A1)-(A3), Gymemo BBasKaTH BUKOHAHIUMH TaKi YMOBH:

(Ad) ¢ € C?[0, hy),a, € C([0, Hy] x [0,T]), be(z,t,u) € C([0, H1] X [0,T] x [Mo, M,]).

2. B3Benennsa 3ana4i (5)—(8) g0 cucremu piBHAHB. IcHyBaHHS PO3B’S3KY..

Jlis BCTaHOBJEHHS YMOB iCHyBaHHS PO3B’si3Ky 3axadi (5)—(8) 3Bememo 1i go cueremn
piBHAHb BigHocHo Hesimomux (h(t),p(t),v(y,t), w(y,t),w(y,t)), ze p(t) = K (t),w(y,t) =
vy(y, 1), w(y, t) = vy (y, t).

3 piBHaHHA (8) oTpUMYEMO

h(t) = L(t) t e [0,T]. (15)
“o(y, t)dy

(T

Hudepennirooun (8) no ¢, NPUXOINMO 10 PIBHAHHSA
1
pl0) = —= (1500 = b0 f (A0, + buhl0). o) )y ). ¢ € [0.7). (1)

Ina 306paxkenna po3s'a3ky 3agaui (5)—(7) npu 3aganiit Gyuxuii A(t) > 0 3 kiaacy
C'[0,T] momamo pisusinns (5) y Burasami

. alzh(t),t) zh'(t) | a(yh(t).t)—a(zh(t).t)
i = T%E)Lluyy TR Wt 0 Uyt

+ =MWy 4 b(yh(t),t,0), (3,1) € Qr,

z € [0, 1] — noBiabHa dikcosana Touka. [Toznaunmo vepes G (y,t, 7. 7; z) bynxmio ['pina
nepIIoi KpaifoBoi 3a1a4i 118 PiBHAHHS

=y o g e kO €Qr )

Jlerko nmepekoHaTHCh v TOMY, IO (GpyHKIisg [ pina BU3HAYAETHCSA PIBHICTIO

o0
- ey 1 _ (y=m+2n+8(t,2)—B(7,2))? | _
Callstingz) = 2+/m(0(1,2)~8(7,2)) n:z—oo (BXP( 4(6(t,2)—6(7.2)) )

— exp (_ (y+n+2n+8(t,2)—B(1,2))? ) ) :

4(0(t,z)—0(7,z))

t
ne 0(t,z) = {%dﬂ B(t,2) = Zf h('rj Z]nﬁ({_'%
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3a momomorowo dyrkuii Ipina Gy(y,t,7,7;2) 3anauy (5)—(7) 3BememMo 10 eKBiBAIEHTHOT
CHCTEMHU PIBHAHB

t 1
v(y,t) = vo(y.t) + [ [ Gi(y,t,m, ;) (a(""”“)"‘;&}f}(y“(”""}w(m )+
00 : _ (19)
+L% . 7) 4 Uh(r) o0 7) ), (0,) €
- h(r)r)—a(yh(r).r)
TU(’E,-‘tJ = ”Oy(yx t)"'ffGly yst T Z) (a(?’J RI(T }yl z (naT)"F
00 (20)
+ Dy (), 7) +b(nh(fr);r,v(n,'r )dndn (1) € Qr,
b1 a(nh(r);7) —a(yh(r).7)
(y t) - Uﬂy'y ys +fj Gly'y y:t 7 3 1 72 (T]J : (na )
00
+iasprn ;ffhi( )w(“’?”’))dﬂd’f - fme(y,tm,'r;y (h(’r)bx(nh(f)mv(n,r))+ -
00 21

+by (nh(T), T, v(n, 7))w(n, 'r))d?}d*r+ hf(Gln(y,t, 1, 7 y)b(h(T), T, po(1))—

_Gln(y:tkoar;y)b(ovfra H-](T))) dT: (y, t) = @T:

Je v 300pazkeHHi po3B 3Ky bu(y t) 3anau4i (18), (6), (7) (|6]) 3a momomorow dynkuii I'pina
Gi(y,t,n, T; z) NOKAAAEHO 2

1 t
fUO(y'! t) = f Gl(g\ t? 1, 01 y)‘ﬂ(ho??)dn # f Glﬂ(yﬂ t, 0:' T, y) a(l}‘:;((:})ﬂ' Jill(T)dT_
0 t 0 :
= f Glf} (y tr 13 T, y) %%ju? (T)dT'
0
3BiJICH 3HAXOAMMO IOXiTHI Voy, Voyy :
1 {
voy (Y, 1) = ho [ Ga(y, t,n,0;9)¢ (hon)dn — [ Ga(y,t,0,7;y)ui(T)dr+
0 0
t
5 f GZ(y t$ 1 2 Tid U)HE(T)dT,
0
1 t
’ony(’ya t) = h’% f Gl (y~ t: . 0‘ y)‘,ﬁ‘ﬁ(hl)??)d?? e f Gl?}(ys t: 03 T3 y)lu’l(T)dT_
0 0
t
- f Gl'q (y: ta ]-: T3 y)p’z(’r)d'r, (y\ t) L= QT‘
0
Orxke, 3anaay (5)—(8) 3Besn 1o cucremu pisusb (15), (16), (19)—(21). Ho miei cucremn
PIBHSIHD 3acTocyemo Teopemy Illaynepa mpo HepyxoMmy TOUKY IIJIKOM HemepepBHOIO Omepa-
TOpAa.

Cnoyarky BCTaHOBHMO OIIHKH PO3B’sI3KiB cucremn piBasHb (15), (16), (19)-(21). [To3Ha-
anmo V(1) = m[eul.}lc] lw(y, t)], W(t) = m[:gali] |w(y,t)|. Buxonsaun 3 306paxennsa dbyukuii I'pina
elo, yelo,

G1(y,t,m,7; 2), oninnmo 11 noxigni. Bukopucraemo Takox HepiBHICTB
la(nh(7),T) — a(yh(r),7)| < Ma|n —y|.
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Banada 3 BIIBHOIO MEXK€IO ISl HalliBJIHIIHOTO pIBHAHHS AHQy3il

Toai 3 pisugaub (16), (20), (21), 3 BpaxyBanusam ymos (A2), (A4), 3HaxonnMoO

p f)| <Ci+ CQW-"(t), (22)
V(t) < Cs+Cy / )+ ())dr, (23)
0
W(t) < Cs+ Co / (1--"(T)+W(’r)tt Ii(f)l‘v’(f))dﬁ t €10,7] (24)

0

3Begemo cucreMmy HepiBHOcTeil (22)—(24) 10 oxamiel HepiBHOCTI CTOCOBHO HEBiI0MOI

Wi(t) = V() +W(t) :

t
W (r)dr

Wilt)s G0 |
| -
. T

t€[0,7). (25)
Ak nokazano B 7], HepiBHiCTb (25) J1erKO 3BECTH J0 BUIVISLLY
H’H(f) < Cy + Chp f 1’1"14(7')(17‘, te [0, T]

Meromom I'ponyonna-benivana 3BiAcH OTPHMYETHCS OliHKA

Wi(t) < <

BRE AR

B AKiit yncao Ty 3a10BOJIbHIE YMOBY

t € [0, To),

1— 3C;C19Tg >0,
Toxi cpaBIKVIOTHCA OIMIHKH
|L’y(yst)| S JH‘JS: |U5‘,!y(yst)| S ﬂ{‘%s (’y*t) € @Tg? |p(t)| S ﬂf‘ia e [U Tﬂ] (26}

Mosnaumio N = {(h(t),p(t),v(y, t), w(y,t),w(y,t)) € (C[0,Tp))? x (C(Qy,))* : Ho <
h(t) < Hy,|p(t)] < My, My < v(y,t) < My, |w(y,t)] < Ms, |lw(y,t)] < Ms}. 3anumewmo
cucremy piBagnb (15), (16), (19)—(21) gk oneparopHe piBHAHHS

ae v = (h,p,v,w,w), a onepatop P BU3HAYAETHCSI NPABUMH YacTHHAMH piBHaAHB (15), (16).
(19)—(21). Ouesuano, mo omneparop P mepesoauts MHOkHEY N B cebe. Ananoriuno 1o 6],
JIErKO BCTAHOBUTH, 10 omepaTop P e minkom memepepBanM. OtrKe, 3a Teopemolo Illayaepa
icHye HenepepBHHil pO3B’A30K cucremu piBHsHb (15), (16), (19)-(21). 3 (19) Bumnsae, mo
dyukisa v(y,t) € nenepepsuo audepenuiiiosrnorw. [Topisaooun w(y,t) 3 ynrkuieo v, (y, 1),
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M.I. Ianyos

3Haii1enoio 3 (19), NpUXOANMO 10 BHCHOBKY, mo w(y,t) = v,(y,t). AHaTOriuHO MepeKoHye-
MOCh ¥ TOMY, O w(Y,t) = vy, (y,t). Toai v(y,t) € po3s’a3KoM piBHAHHS

a(yh(t),t) ()t) yp(t)
TR@ T

AKuii 3a1080.1bH4€ YMOBH (6), (7). dudepenuiooun (15) no ¢ i Bpaxosyioun (28), orpumyeMo

e = T Uy + {‘}(Uh( ) t U) (y, t) = QT: (28)

110) = 2o (1) = 5200 - p(0) -

1
f(a(?ﬁéﬁ% Dvyy(y,t) + byh(1), **”(y’t)))dy)’ Gt
0

Bignivaloun 3sincn pisusguns (16), sBcranosmoemo pisaicts p(t) = h/(t). Orixe, piBHSHHS
(28) cnipnanae 3 piBusaauaM (5). Kpiv toro, h € C0, Ty], i maxexxny raaakicrs dyukmiii b, v
BCTaHOB/IeHO. Bukonannst ymoBnu (8) € oueBnannm. TAKHM YHHOM, J0BEIEHO TaKy TEOPEMY.

TEOPEMA 1. Ipunycmumo, wo eukonyromoca ymosu (A1)-(A4). Todi moscua exazamu
make wucao Ty, 0 < Ty < T, wo pose’asor 3adawi (5)—(8) icnye npu y € [0,1],t € [0, Tp).

3 noBeleHHs TeOpeMH 1 BHILIHMBAE, IO 3BYKEHHS YaCOBOTO NMPOMIXKKY, HA SKOMY iC-
HY€ DO3B 430K, BiIOyBaeTbCA NPU BCTAHOBJEHHI OUiHKKM (26), MOB'A3aHOI 3 PO3B I3aHHSIM
HeTHIIHOT iHTerpaabHoi HepiBHOCTI (25). Ilpn npomy nosxuma npomizkka [0,7;] Busna-
daeTbes TiIbKE craaumu Cr, Cg 3 (25). 3paxkatoun Ha Te, o ouinku (11)—(14) i nepisnocti
(22)-(24) cupaBmkyiorhes npu Beix ¢ € [0,7), i posrasnatoun 3amagay (5)-(8) B obaacti
[0,1] x [Ty, T], anamoriunmvu MipKyBaHHSAME MH IPHIIEMO 10 CHCTeMH HepisHoCTeii (22)—
(24) 3 Tumu camumu 3HaYeHHsaMu craaux Cf — Cg. 3BicH BHILIMBATHMYTH AHAJIOMIYHI 10
(26) oninku na mpomizkky [Ty, 2T;), a pasom 3 THM icHyBaHHS Po3B’a3Ky 3amadi (5)—(8) npu
y € [0,1],t € [0, 2Tp]. Le o3nagae, 1m0 pO3B’A30K MOKe OYTH MPOTOBIKEHUI HA BECh YACOBHIL
npomizkok [0, 7]. Tomy IpaBUILHOIO € HACTYIIHA TEOPEMA.

TEOPEMA 2. Ilpu euxonanni ymos meopemu 1 pose’azox zadavi (5)—(8) mooce Gymu
npodosoicenuti no wacy, mak wo 6w icnyeamume npu y € [0,1],¢ € [0, 7.

3. €EaunicTe po3s’a3ky 3anaui (5)—(8) .

NMOBH €1uHOCTI pO3B’A3KY 3a1a4i (5)—(8) BCTAHOBIIOIOTLCS HACTYIIHOIO TEOPEMOIO.

TEOPEMA 3. [Ipunycmumo, w0 6UKOHYIOMbBEA YMOBU:

(B1) a,a, € C[0,00) x [0,T]), ¢ € C[0,00); dynwuii b(x,t,u), by(z,t,u),by(z,t,u) e nene-
pepsrumu npu x € [0, oc),t €[0,T,,ueR

(B2) a(z,t) > 0, (x,t) € [0,00) x [0,T]; p(x) > 0,z € [0,00); u3(t) > 0, ua(t) # 0, € [0, T).

Todi pose’asox 3adawi (5)-(8) edunuii.

Hoeedenna. Hexait (h;(t), Ue(y,t)) i = 1,2, - 1Ba po3B’si3ku 3axau4i (5)—(8). [lozHaunmo
h(t) = hi(t) — ha(t),v(y,t) = v1(y,t) — va(y,t). [lapa byukmiit (h(t),v(y,t)) 3azoBoabHSIE

146



3anaya 3 BiIbHOIO MeEXKel [LId HAIBJiHIIHOrO piBHAHHS iy 3il

VYMOBH
uh
we= a(yzf?l((r,i)) Dy, + ”;:(Ert)}“ +
hi(t),t ha(t),t [t} ;(t 29’

+b(yhi (1), t,v1(y, 1)) — b(yha(t), t,v2(y, 1)), (y,1) € Qr,

y, 0y =0, 'we |0l w08 =wlt) =0, (0,7, (30)
B h (?‘)h,g(t lv _
A== 0/ t\dy, te0,T). (31)

[Ipu upomy Gys10 BpaxoBaHo, o 3 ymM0B Teopemu hy(0) = hy(0).
[Toznauumo wepes G*(y,t,n, 7) dyukuio ['pina nepmoi KpaitoBol 3a1a4i 115 PiBHIHHS

a(yh(1),t) yhi(t)

== 12 (1) Uyy + I () Uy (32)
i 3 11 momomoroio 3HaitnemMo po3s’a30K 3axa4i (29), (30):
t1
0= | ot (4842 - 8452 st
+ (33— 53 Y, 7) + ol (), 1)~ 33

—b(nhy(1), T, v2(n, fr))) dndr.

J171s1 mepeTBOpEHHS MiAIHTErpaJIbHOTO BHpa3y B (33) ckopucraemoch dopmynoio Jlarpanxa

f(tu‘](t)) = f(wQ(f)) (wl(t) = (‘*}2“)) / fr(z)]z:wz{t)_i.o-(wl(f)_wz(”)do' (3’1)

Tonai (33) MoxkHA MOJATH Y BUIVISLAI PiBHSIHHS

1
1) = | ] G tm, ) (Es . o, ) + Ko, () + -
+K3 (?LT)P(T))d??dTa (v, 1) € Qr,
ae p(t) = h'(t), a koedinientn K;(y,t),i = 1,4, BUpaKaloTbCa 4epe3 Bij0OMi BeJHYHHI,

po3s’s3ku (h;(t), vi(y,t)) Ta ix moximni (h}(t ),tw(y,t)), 3 =12
[MigcraBasioun (35) y dopmymny (31), orpumyenmo

=J’j( J(t,m, T)v(n, 7) + Ks(t,m, 7)R(7) + Ks(t,n, 7)p(7))dndr, t€[0,T]. (36)
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M.I. Isamyos

Hudepenuirooun (35) mo y Ta BBoAsuM no3HadeHHs w(y,t) = vy (y,t), Maemo

= [ ] Gt ) (B 7)ol 7) + Koo, 10h(r)+ )
+K3(n, 7)p(T))dndr, (y,t):€ Qr.

7k Oys10 BeTaHOBIEHO BUIe, GYHKIUT h.(t) € po3s’sa3kamu piBHsAHHS BUrIsiay (16):

1) = —= (10 - 1o [ (D .0 + M) i) )

IHTGFD}"IO‘IH 10 YacTHHaxX, HaJaMO OHUM piBHHHHHM TaKOoTrO BHIVIAIY:

- 0,8)viy (0,8)—alhi (t),t)viy (hi(t),t
Bt = ;2.16_)(“3(;) 4+ 80.1)viy (0,1) r;(i(t;) Yoiy (Ri(t)t)

A f(aa: yh(t ) )bcy(y: i) — hf(t)b(yht(t)ats Ui(yat)))dy)a te [0=T]= i=1,2,

Bianimatoun gani piBHOCTI, 3acTocoByoun ¢opmyiy (34) i migcrapasiiodn 3aMicTh v, w
ta h ix 3Havennd 3 (35)—(37), HpUXOAUMO 10 PIBHAHHSA

1
= jj e(t,n, )v(n,7) + K:(t,n, 7)h(1) + Kg(t,n, 7)w(n, )+
00 (38)
+Ky(t,n,7)p(7))dndr, te|0,T].

OTxke, 3anady (29)-31) 3BeJeHO 10 CHCTEMH OJHOPITHHUX iHTerpaJbHHX PiBHAHD BoJib-
Teppa apyroro poay (35)—(38). Sk BuaHO 3i ciocoby Ix orpuManHs Ta ouinok ¢yukuii ['pina,
A1pa IUX PIBHAHD € iHTerpoBHUMH. ToMmy cucrema plBHHHb (35)—(38) mae eauHMi PO3B’A30K,
mo € TpusiambnM: h(t) = 0,p(t) = 0,t € [0,T],v(y,t) = 0,w(y,t) = 0, (y,t) € Qr, i Teope-
MY JI0BE/IeHO.
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